ABSTRACT, Viscosity solutions of Hamilton-Jacobi equations need only to be continuous, Here we prove that. in the special case of a one-dimensional stationary problem, under quite general assumptions, Lipschitz continuous viscosity solutions have right and left derivatives at every point. Moreover, these derivatives have some kind of continuity properties.
Before we state the results, we need to introduce some notation. In particular for c E R 
H-l({C}) = {p E R: H(p)
=
H-l({C}) n[-M,M] is either empty or finite and that the local extremum values (i.e., the local minimum and maximum values) of H are isolated. Then for every Xo E (-R, R), u is either differentiable or it has left and right derivatives u;(xo) and u;(xo) at Xo respectively. Ifu;(x o ) oF u;(xo), then { H(U;(X O )) = H(u;(xo)) = v(x o ) -u(x o ) and (0.2) H(i)( u;(xo) -u;(xo)) ~ (v(x o ) -u(x o ))( u;(xo) -u;(xo)) for every IE [min( u;( xo), u; (x o )), max( u;( x o ), u; (x o ))] .
REMARK. The second part of (0.2) above is immediate from the definition of the viscosity solution. ( Part (ii) asserts that in the case where v(x o ) -u(x o ) is a local extremum value of H one cannot expect in general something as simple as part (i). In particular, it may happen that there exist points arbitrarily close to Xo where u is not differentiable; the left and right derivatives at these points satisfy, however, the continuity property stated above. On the other hand, there are cases (for example v == 0) where we know If I, is the restriction of the function f on I.
ii) If v(x o ) -u(x o ) is a local extremum value of H, then the following are true on (xo -a, x o ] (respectively [xo, Xo + a)). Either u(x) = vex) + u(x o ) -v(x o ) or u I (xo -a, x o] E C1«xo -a, x o]) (respectively u I [xo,xo+a) E C([xo, Xo + a))) or ux(x) exists for every x E (xo -
2e l (l) is the space of continuously differentiable functions defined on T.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use that, independently of whether u(x o ) -u(x o ) is a local extremum of H or not, u is continuously differentiable in a suitable neighborhood of any point Xo with possible discontinuity of the derivative at xo' Inequality (0.2) is the Oleinik E-condition [9] as it applies to the problem (0.1) (for more details see §3). Thus Theorem 1 shows that the condition introduced by M. G. Crandall and P.-L. Lions in [2] to uniquely characterize solutions of Hamilton-Jacobi equations implies in one dimension the necessary condition for uniqueness of piecewise smooth solutions of scalar conservation laws.
The proof of Theorem 1 is based on a "blow-up" argument. More precisely, for Xo E (-R, R) and S > 0 sufficiently small, let u 8 , u 8 :
It turns out that u 8 is a viscosity solution of (0. [6] . Very precise and general information about the structure of viscosity solutions of the corresponding to (0.1) evolution problem in R X (0, (0) can be obtained by "integrating" the results of C. M. Dafermos [5] concerning the structure of solutions of conservation laws. For some results concerning the regularity of viscosity solution of certain special equations in two space dimensions, we refer to R. Jensen [7] . Finally, P. Cannarsa and H. M. Soner [4] recently obtained some regularity results concerning the evolution problem with convex Hamiltonian.
We conclude the introduction with the definitions of sub-and superdifferentials and viscosity solutions. We have DEFINITION 1 [1, 2] 
In a similar way a continuous function u: I ~ R is said to be a viscosity sub solution (resp. supersolution) of (0.8) if (0.9) (resp. (0.10)) holds.
1. We begin with a lemma which plays the role of an intermediate value theorem concerning sub-and superdifferentials of continuous functions. The result is onedimensional and resembles the properties of Dini derivatives. (In one space dimension there is an obvious relation between sub-and superdifferentials and Dini derivatives). We have LEMMA 
Let f E C(I),3 where I is an open interval and a, bEl with a < b.
The following are true:
PROOF. (i) Let c E (p, q) and define g:
, and p -c < 0 < q -c. Using Definition 1 for f > 0 sufficiently small we obtain
This implies that g achieves a local minimum at some
(ii) The proof is similar to the one of (i); therefore we omit it. We continue with a discussion of the properties of u and us.
US is Lipschitz continuous with Lipschitz constant L. 3C( l) is the space of continuous functions defined in I c R.
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If u is a viscosity solution of (0.1), then Definitions 1 and 2 imply that uS is a viscosity solution of (0.4). 
L], and mutually disjoint relatively open neighborhoods

Ip! of Pi' in [-L, L] with the properties:
(
In the case that (iii)(o:) (respectively (iii)(f3» holds, if, for some i, H(p;) is a local extremum value of H, then it has to be a local minimum (respectively maximum).
Moreover,
PROOF. In view of (Ll) and (1.2) we have where wv,xo(') is the modulus of continuity of v at Xo and L is given by (1.1). The assumptions on H imply that the set (1.3) contains finitely many points qI < ... < qm for some positive integer m. Moreover, by choosing 8 sufficiently small we may assume that the restriction of H on 
Combining (1.4), (1.5), and the way () was chosen, we see that H must be constant and its proof, thus we omit the details. We conclude this section by discussing the nature of Lipschitz continuous viscosity solutions of (0.5). The results are very much similar to the ones of Lemma 1.2. For the proof of Theorem 1, however, we only need a less precise qualitative assertion which we give in the following lemma. Since the proof is similar to and simpler than the one of Lemma 1.2 we omit it. We have LEMMA ([2] ) viscosity solutions of (0.5). Such solutions are described by Lemma lA. Here we use Lemma 1.3 to obtain that U OO is unique and either linear or piecewise linear with only one corner at x = 0, hence the existence of u!(xo).
To this end, assume that Xo is such that (1.6) holds for S > 0. Consider any u oo : [-1,1]-+ R which is a possible limit of {u 8 : S> o} and suppose that there exist Xl' X 2 E [-1,1] and I E A \ {p} such that Xl < X 2 and Uoo(x) = Ix on [Xl' X 2 ] . We have
The left-hand side above tends to zero along a subsequence but the right-hand side does not; thus Uoo(x) = px on [-1,1] and ux(xo) = p. In the case that (1.7) holds for S > 0, a similar argument shows that
and, thus, the existence of ux±(xo). Finally, the first part of (0.2) is immediate from the properties of u 00. We continue with Theorem 2. The main step in the proof is to reduce to the case where we can invert H. If H;;l is an appropriate branch of H;;l and u x = H;;l( U -u) a.e. in a neighborhood of x o , then the continuity of the right-hand side will imply the result. Unfortunately this is not always possible; thus we have to deal with several cases. We have PROOF OF THEOREM 2. We begin with the case where u(xo) -u(xo) is not a local extremum value of H. If ux(xo) = P exists, then, for X sufficiently close to On the other hand, we are able to obtain some other information concerning q. In particular, we can find Xo < x < y <xo+a arbitrarily close to Xo such that uAX)EIq,l\{q} and Ux(y)E I q ,2 \ {q}. Then Lemma 1.1 implies the existence of z such that x < z < y and
The continuity of u and u then imply
Combining all the above we obtain
and, moreover,
N ext define the sets and We first investigate the behavior of u on I, which is closed and nonempty. Let z E I. By Theorem 1 u;= (z) exists and lies in a small neighborhood of q provided that a is sufficiently small. On the other hand, since 3. In this section we use Theorem 1 to illustrate the relation between the notion of viscosity solution and the E condition introduced in [9] by O. A. Oleinik. Throughout the section we assume 
. x E (-R,R).
In view of (3.1) and the results of the previous section, at every point where U x exists, w is continuous and it satisfies 
